Momentum eigenstates

T linear momentum elgenstates

T orbital angular momentum elgenstates
T gpin angular momentum eigenstates

T addition of angular momenta

+ the generic angular momentum operator

We will work mainly with quantum numbers
In the applications

Yepeeehaaaa!l a
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Linear momentum eigenstates

We will consider motion in one dimension (X):
p, = —] -b—i
X 2pdx
By solving the eigenvalue equation p,y = p,y
(where both y and p,, are unknown), we find

é—ﬁ—gxpx
y(x) = cxe
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Eigenstates of orbital angular momentum

We will ook for the simultaneous eigenstates y
of the operators L 2 and L,

_ 2 2
Ly =Ly, Ly =LYy

Z
We will use spherical bc%
—Y

coordinates: (r,q,f) 5T
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L eigenstates and eigenvalues

The eigenvalue eguation

—|§%g¥ =L, gives

a2PI6¢ |
eho Z
y(f) = ce quantized
§  Z
Condition: fy=y(f+2p)P L, =m—
ondition: 'y (f) =y ( p)p L, 20
m = 0, £1, £2, ¥4 i1sthe magnetic quantum number
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Eigenstatesof L2and L,

Spherical harmonics

Yim(@ ) = D"

where le(cosq) are the associateo

(21 + 1) (1 —m)!-

4p(l + m)!  _

le( C0Sq) eI

L egendre functions

2
- a&ho I(1+1), | = 0,1, 2, % theorbital quantum

é2 p,@

number

the magnetic quantum number isrestricted by |
m=——-1+1%,0 v |-1|
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Parity eilgenstates

The spherical harmonics are also eigenstates
of the parity operator

|
PY, = (1) Yim

Application: transitions in atoms
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Thegeneric angular momentum operator

J=J J J,, J —'hJ ' '
= Jyug yuy . Z,[ y] = IZ) Zand cyclic permutations
J2:aeh02(-+1)|_ =ml §=0,1,2%,m = ] +1Y)]
e pﬂjj ] Z 2p1] ’ ’ ’ 41 J J, J ,4,]

By solving the eigenvalue equations for J2 and ‘]z simultaneously
and assuming N elgenstates, we find that there are two ‘types of an-
gular momentum:
v integer |
v half-integer |
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Thespin anqular momentum

Spin does not involve arotation in space

2 _ geh 6
S = éi) pe s(s+1)
where s is the spin quantum number
_ h _
S, = mS-Z—IS, m, = —sS—s+1%,-15s

v Integer s: bosons
v half-integer s: fermions
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Addition of angular momenta

L et us assume that we want to ‘add’ the quantum numbers | and S to
find the quantum number of the total angular momentum, |, and the

guantum number of the z-component, mj

Therules are:
1. j=|l-9,%,]l+s
2. foreach j,wehave2]+1 m’'sm = —,—|+ 1%

J J
Application: L-S coupling and J-J coupling in atoms
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